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Abstract
Solutions are obtained for the dual form of the Schrödinger equation got from the
transformation of Poisson equation for the vector and the scalar potential, in dielectric
and magnetic materials, having into account homogeneous isotropic linear mechanisms.
We study and apply these dual equation solutions in some specific potentials.
Keywords— Transformation, similarity, electrostatic theory, magnetostatic theory,
quantum mechanics.
Introduction: Throughout the first two decades of the twentieth century, the
basic conceptions of Quantum Mechanics [1], Planck hypothesis and De Broglie suppo-
sitions [2] built the structure or the concept of the Non- Relativistic Mechanical Wave
Schrödinger [3]. Along with the adaptation of the Special Theory of the Relativity, it was
built the Relativistic Quantum Mechanics, in which Dirac proved that the electron has an
angular momentum at ℏ2 . The relativistic electron from Dirac [4] gets represented by spin
states 12 and
−1
2 as well as a positron
1
2 and
−1
2 . Implicating that we have four quantum
numbers which are represented by a spinor. The lookup of connections, or links among
the different physics theories and insights has been comprehensive in the last few years
[5], [6], [7].
In this article we relate both the wave mechanics of Schrödinger with the electromagnet-
ics theory of Maxwell, including also the vector and scalar potentials for Poisson equation,
in specific cases of homogeneous isotropic, lineal dielectric and magnetic medium. The
structure of this research is clustered in three main sections: to begin with, in the section
1, it is set out a review about the contour conditions in the function of the quantum wave
and vector and scalar potentials as well. The section 2, introduces a modification to the
scalar potential in Poisson equation either in a magnetisable or in a homogeneous isotropic,
lineal dielectric medium, that leads in this instances to a Schrödinger dual equation. The
section 3 aims to obtain solutions to the Schrödinger dual equations found in the previous
section to specific problems. As a final point, in the concluding section the conclusions
and the analysis of the result are revealed as well.
1 Relationship between boundary conditions
Bearing in mind Poisson equation in material medium, which is one of the most significant
equations of the electromagnetic theory; this equation correlates mainly the volumetric
distribution of the electric charge and the electrostatic potential, that enables to find the
∗
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electrostatic field if the distribution of the electric charge is well- known. If the behavior
either of the materials with homogeneous isotropic linear magnetic permeability or dielec-
tric constant permeability is idealized, the calculations required to determine an electric or
magnetic field in a specific material are simplified, since in materials with non-homogeneous
dielectric constant, in other words, dependent on the trajectory, would generate more com-
plex connections. Stated otherwise, by using a transformation on the Poisson equation
in material medium with either dielectric constants or homogeneous isotropic linear mag-
netic permeability, it should be obtaining equally important connections or relationships
between the Electromagnetic Theory and the Quantum Mechanics regarding [5], [6].
Particularly, in this present work, using a simple transformation, it is presented an
analogy between an electrostatic, magnetostatic (one-dimensional) problem described by
the Poisson equation in matter and the Schrödinger equation. This recent relation allows
or facilitates to discover the proper function of the described quantum system, through
the use of electrostatic and magnetostatic results for each case.
In this sense, the boundary conditions to the electric scalar potential and the vector
magnetic, in one dimension, in homogeneous isotropic linear materials, can be related to
the conditions of a quantum wave. With the following limits [8]:
∗ The electrostatic scalar potential in matter Φ (−→r ) is continuous across any limit,
excepts for its normal derivate that the surface is discontinuous.
∆
(
dΦ
dn
)
= −
σf
ε
(1)
∗ The magnetostatic vector potential
−→
A (−→r ) in matter presents likewise corresponding
limits from the electrostatic scalar potential when the magnetostatic vector potential
and the surface current are scalar in a space dimension. It is obtained the following
equation or expression:
∆
(−→
A
dn
)
= −µ
−→
kf (2)
∗ The quantum proper wave function ψ (z) is always continuous, except from its deriva-
tive which is non-continuous in levels where its potential is infinity Φ (z) = V0δ (z).
It exists a discontinuity in the derivative of the proper wave function in proportion
to the wave function in z0 (and to the potential force of the delta function).
dψ (z)
dz
∣∣∣∣
+ǫ
−
dψ (z)
dz
∣∣∣∣
+ǫ
= constanteV0ψ (z0)
Due to these limits particularly, it is suggested or stated that the unique way that they
can be equivalent is through the existence a potential of delta function. Consequently, the
following conversions are proposed [9]:
1. Electrostatic scalar potential [5]:
Φ (z) = V0 ln
(
ψ (z)
Λ
)
(3)
2. Magnetostatic vector potential [6]:
Ax (z) = A0 ln
(
ψ (z)
C
)
(4)
In which V0, A0,Λ, C are constants that guarantee the dimensional consistency. In this
paper, thus, it is suggested using the conversions (3) and (4) in Poisson equation towards
homogeneous isotropic linear material medium, in order to introduce a more general idea
about the relationship found in [5], [6].
2 Transformation in Poisson’s equation that lead to
Schrödinger type forms
By taking Poisson equation for the scalar potential, it is possible to obtain a Schrödinger
stationary equation by using a suitable transformation [11]. This curious association has
enabled us to explore these correspondence practices in order to seek more connections
between the electromagnetic theory and the non-relativistic quantum mechanics.
In the first part of this research, we lay out the approaches of the authors [5], [6] tak-
ing into account either homogeneous isotropic linear dielectric or magnetic medium with
similar configuration to elicit Schrödinger stationary equations, also known as dual form
of the Schrödinger equation.
The Poisson equation in a homogeneous isotropic dielectric linear medium can be ex-
pressed as [13]:
d2Φ (z)
dz2
− χE
dEz
dz
= −
ρf
ε0
(5)
ρf is the volumetric density of free charge y χE the dielectric susceptibility. Apply-
ing the transformation (3) in (5) and making appropriate substitutions it is obtained an
equation which is mathematically similar to Schrödinger equation:
εa30E
2
z
2εr
= |ξ| −
V0a
3
0ρf (z)
2εr
= U (z) wed =
|ξ|
a30
=
ε0E
2
z
2
−
ℏ
2
2m
d2ψ (z)
dz2
+ U (z)ψ (z) = − |ξ|ψ (z) (6)
Where
[
V 20 ε0a
3
0
]
=
[
ℏ2
m
]
, being a0 an arbitrary length, a0
3 is a typical volume param-
eter; V0 a constant potential; ε0 the electric permittivity constant from the free space.
For the case of energy values ξ < 0 [12], this last equation makes clear that the proper
function will be given in terms from the electric potential and the energy density, being Λ
a normalization constant, and wed the electrostatic energy density:
Ψ(z) = Λe
Φ(z)
V0 , ξ = −wed (7)
Similarly, we implemented a transformation on Poisson vector equation in a homo-
geneous isotropic linear magnetic medium. Something interesting is that in this way we
obtain a similar equation to (6). In order to achieve this association, we take into account
again, an extension to the research elaborated by the authors [5], [6], employing in a simi-
lar way a transformation for the magnetostatic vector potential. Being the Poisson vector
equation in one dimension [13]:
d2
dz2
Ax (z) = µJx (z) (8)
Jx (z) is the volumetric density of free current, and µ = µrµ0 the magnetic permeability
of medium, with µr the relative magnetic permeability. By replacing (4) in the equation
(8) and making the appropriate substitutions as well:
µrb
3
0B
2
y
2µ
= |ξ| −
A0µrb
3
0
2
Jx (z) = U (z) w
m
d =
|ξ|
b30
=
B2y
2µ0
−
ℏ
2
2m
d2ψ (z)
dz2
+ U (z)ψ (z) = − |ξ|ψ (z) (9)
Where
[
A20b
3
0
µ0
]
=
[
ℏ
2
m
]
, being b0 an arbitrary length, such a b0
3is a typical volume
parameter; A0 a constant potential; µ0 the magnetic permeability constant of the free
space. Analyzing a dual solution for both cases dependent from the potential way, in this
case C is the normalization constant and wmd the magnetostatic energy density:
Ψ(z) = Ce
A(z)
A0 , ξ = −wmd (10)
It is important to emphasize that the proper functions (7) and (10) do not have nodes,
thus, it is only possible to determine the fundamental state through this method. This
is consistent with the potential uniqueness theorem to which it is guaranteed that the
electrostatic and magnetostatic potential, is univocal if the distribution of the electric
charge density, and the current density, is specified at all limits.
3 Magnetostatic and electrostatic solutions to the
Schrödinger type equationstions
Solution methods will be stablished to the equations (6) and (9), found by mathematic
processes based on electrostatic and magnetostatic fields configuration, respectively using
(7) and (10).
3.1 Solution based on electrostatic configurations
Configuration of the infinite conductive parallel sheets, spaced out a distance a with a
dielectric between them. Where the volumetric charge density ρ (z) can be expressed as
[11]:
ρ (z) = σ
N∑
n=−N
(−1)nδ (z − na) , for N = 0, 1, 2... (11)
Therefore, if we make appropriate substitutions and normalized the function (7), we
will found a proper function, that models the wave function corresponding to a quantum
particle of mass m moving through the potential energy function, similar to the one-
dimensional ionic crystal with a dielectric linear constant [11], to a particular frequency
range:
Ψ(z) =
∏N
n=−N exp
(
−α1m(−1)
n+N |z−na|
~2εr
)
(
εr
ℏ2
2α1m
exp
{
−2α1mNa
~2εr
}
+ εr
ℏ2
α1m
Nexp
(
−α1m(1+2N)a
~2εr
)
sinh
(
aα1m
εrℏ
2
)) 1
2
(12)
Found that the potential energy function is inversely proportional to εr to the form:
U (z) = −
α1
εr
N∑
n=N
(−1)n+Nδ (z − na) (13)
For N ≥ 1 and ξ = −
mα21
2ℏ2a30εr
, in the case of free space εr ≈ 1. Where α1 =
σV0a
3
0
2 is the
strength of the potential, σ the superficial charge density. This new case presents that is
possible to model the form in which a single electron is trapped in a one-dimensional ionic
crystal [10] that has a dielectric lineal constant, through proper attractive and repulsive
delta functions, produced by the electrostatic configuration of parallel sheets, for negative
and positives ions [11].
3.2 Solution based on magnetostatic configurations
Correspondingly to the previous case, it is considered the problem of an odd number of
the infinite parallel sheet [14], equally spaced, a distance a with superficial electric current
density
−→
k = ±k0eˆx, in order to the density of the volumetric current can be written
respectively as [6], [11]:
−→
J =
N∑
n=−N
(−1)n+Nk0δ (z − nb) eˆx, for N = 0, 1, 2... (14)
By making appropriate substitutions and normalizing the function (10), it is deter-
mined that it is also possible to model a proper wave function that describes the behavior
a quantum particle with a m mass that travers a one-dimensional ionic crystal with po-
tential energy (15), which presents a magnetic linear constant:
U (z) = −µrα2
N∑
n=N
(−1)n+Nδ (z − nb) (15)
Ψ(z) =
∏N
n=−N exp
(
−α2mµr(−1)
n+N |z−nb|
~2
)
(
ℏ2
2µrα2m
exp
{
−2µrα2mNb
~2
}
+ ℏ
2
µrα2m
Nexp
(
−α2µrm(1+2N)b
~2
)
sinh
(
bµrα2m
ℏ2
)) 1
2
(16)
For N ≥ 1 y ξ = −
mα22µr
2
2ℏ2b30
, in the free space case µr ≈ 1. Where α2 =
A0b
3
0k0
2 is
the strength of the potential, k0 the superficial current density. This result is a natural
consequence of the duality with the electrostatic problem. Thus, the proper function (16)
that models a wave functions is valid for paramagnetic materials where χm is positive, as
well as for diamagnetic materials where χm is negative [16].
To this extend, the contributions of the opposite charged sheets are canceled by pairs
and only the contribution of a single charge sheet [15]; hence, the expectation value of
the potential energy is independent of N , in the electrostatic case 〈U〉e, as well as in the
magnetostatic 〈U〉m:
〈U〉e = −
mµrα
2
2
ℏ2
〈U〉m = −
mα22
ℏ2εr
(17)
4 Analysis and discussion of results
Now the discovered proper functions will be tested, (12) and (16), through an extended
research of the transformations used in [5] and [6], for modeling analogous quantum systems
with electrostatic and magnetostatic configurations in the matter. The proper function
(12) that models a distribution of uniform electrostatic fields in the matter, is simulated
primarily for the Nitrogen,
In the figure 1. It is found that the obtained graphics for Nitrogen material present
a descriptive behavior of a triangular potential by using either the Dirichlet boundary
conditions, or in this case of a Dirac delta potential barrier well, similarly to the one
presented in the one-dimensional ionic crystals [11]. Following, are employed different
Figure 1: Proper function graphic (12) in an only representation for εr = 1.000548
with different values of N .
dielectric medium where the permittivity relative electric constants present a notorious
difference, compared to the one presented for the Nitrogen; this with the aim of analyzing
the behavior of the proper function (12). The materials used for this are shown in the
table 1.
Table 1: Dielectric Constants
Material Relative electric permittivity
Nitrogen 1.000548
Benzene 2.280000
Salt 5.900000
Silicone 11.700000
Note: (unless it is otherwise specified, the values given for 1 atm, 20°C obtained from
Handbook of Chemistry and Physics, 91st ed. (Boca Raton: CRC Press, 2010) [17]
In figure 2, it is highlighted that by increasing the relative electrical permittivity of
the material the proper function expands more softly, it is variable more slowly, which
is produced by using mixed boundary conditions, meaning from Neumann and Dirichlet.
This feature from the proper function behavior, is an important result that is derived from
our analysis, and is caused in this case by the modification of the material present between
the parallel conductive plates; however, it is analogue the electric permittivity variation
that the one-dimensional ionic crystals [10] present with the frequency from the applied
electric field [18].
The proper function (16) that models a distribution of uniform magnetostatic fields in
the matter, it is simulated initially for materials such as the Gadolinium (Gd) because in
spite of its high magnetization is still linear.
In contrast to the dielectric case (Figure 1) here it is observed how the Gd reinforce
the magnetostatic field in figure ?? due to the conditions that are employed, the Neumann
boundary conditions, causing that the proper function (16) gain higher values for diverse
quantities of stablished parallel plates; describing a behavior influenced by the potential
energy (15), similar to a one-dimensional ionic crystal.
Figure 2: Proper function configurations (12) for the different materials shown in
table 1 in z function with N = 4
Figure 3: Graphics of the proper function (16) in single representation for the Gd
with the different values of N , with a relative magnetic permeability constant µr =
1.48.
5 Conclusions
The present extensive study has been developed through an analytical process in such a way
that the solutions have been found accurately; being finally simulated the different proper
solutions (12) and (16), to complement it, where the constants of electric permeability and
magnetic permeability from different medium are also taken into account. In contrast to
the research, proposed by González and Rokai for electrostatic and magnetostatic fields
configurations in free space (when εr = 1 y µr = 1), which does not depend on these
constants and shows mathematical errors. This is an advantage for our study since it
can be applied in different material mediums either with different electric or magnetic
permeabilities, such that the proper function presents a quantum simile or affinity. In
this extensive study presented it is demonstrated that the proper function (12) at high
values of electrical permittivity (1.000548 ≪ εr) stops modeling a quantum system. In
contrast to the proper function (16) the higher magnetic permeability (1.48 ≪ µr) it
acquires much more similarities with a quantum system; it is essential to clarify that these
behaviors are characteristic of homogeneous isotropic linear materials by using different
boundary conditions. At the sight of this work it is concluded that the study conducted
based on the research [5] and [6] to determine the versatility of the transformations on
the one-dimensional equation from Poisson in different homogeneous isotropic material
medium, has shown its effectiveness stablishing a range of magnetic permeability and
electric permittivity for which it is possible an analogy between the electromagnetic theory
and the quantum mechanics. It is important to highlight or emphasize that in order to give
an explanation to phenomena like the paramagnetism or ferromagnetism it is necessary
the quantum theory; therefore, the study of analogies between the classic theory and the
quantum theory leads to a better understanding of these phenomena.
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